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Abstract
We construct the general pion-nucleon SU(2) Lagrangian including
both virtual photons and leptons for relativistic baryon chiral pertur-
bation theory up to fourth order. We include the light leptons as ex-
plicit dynamical degrees of freedom by introducing new building blocks
which represent these leptons.
1 Introduction
Chiral perturbation theory (ChPT) is an effective field theory of the Stan-
dard Model at the low energies. The theory was first proposed by Weinberg
[1] and formulated for light mesons by Gasser and Leutwyler [2, 3] when
external momenta are small relative to the chiral symmetry-breaking scale,
Λ ∼ 1 GeV. Their formulation was first applied to the mesonic sector and
later extended to pion-nucleon interactions [4].
The general Lagrangian for the purely mesonic sector has been con-
structed up to sixth order [2, 3, 5, 6]. The inclusion of virtual photons in
the mesonic Lagrangian was first considered by Urech [7]. He calculated the
divergences of the generating functional of ChPT including virtual photons
to one-loop and thus obtained the counterterms necessary in the Lagrangian
to cancel these divergences. This Lagrangian was then used to calculate the
one-loop contribution to the meson masses in the isospin limit and thus ob-
tain the electromagnetic corrections to Dashen’s theorem for ∆m2K −∆m2π
1
[7]. Moreover, the Lagrangian also has been used to compute the elec-
tromagnetic corrections to the S-wave scattering lengths for the processes
π0π0 → π0π0 and π+π− → π0π0 [8]. More recently, both virtual leptons,
as well as photons, have been included in the effective mesonic Lagrangian
making possible a complete treatment of electromagnetic isospin-violating
effects in semileptonic weak processes [9] . This modified Lagrangian was
then applied to the decays π → ℓνℓ and K → ℓνℓ and to obtain the radiative
corrections to the theoretical decay rates [9].
For the pion-nucleon sector, a difficulty comes from the fact that the nu-
cleon mass does not vanish in the chiral limit, which makes the power count-
ing scheme different from the meson sector. ChPT and the power counting
problem in the pion-nucleon sector were first considered by Gasser, Sainio
and Sˇvarc [4]. Several solutions have been proposed for this power counting
problem including heavy baryon chiral perturbation theory (HBChPT) [10]
which has been widely used, see e.g. [11]. There have also been various
relativistic approaches suggested, e.g. [12, 13]. So far the complete effective
Lagrangian in the strong pion nucleon sector has been constructed up to
fourth order in the small momenta [14, 15]. The Lagrangian with virtual
photons included has been developed by Mu¨ller and Meißner [16]. They
construct the Lagrangian for both relativistic and heavy baryon cases and
apply their result to calculations of the electromagnetic contributions to the
nucleon self energy, of the nucleon scalar form factor, and of the π0-nucleon
S-wave scattering lengths.
The piece that is still missing is the pion-nucleon Lagrangian involv-
ing virtual leptons. The aim of this work is thus to construct the effective
pion-nucleon Lagrangian including both virtual photons and leptons. Such
a Lagrangian is important and necessary for the full treatment of electro-
magnetic corrections to the weak processes involving pions and nucleons,
analogous to the treatments in the meson sector of Ref. [7, 9]. The simplest
application of our new Lagrangian is to radiative corrections to neutron beta
decay (or muon capture) which we will discuss in a subsequent paper.
In Sec. 2, we introduce the new building blocks related to the leptonic
current and in Sec. 3 we obtain the effective chiral pion-nucleon Lagrangian
with the inclusion of virtual photons and leptons up to fourth order.
2 Building blocks
In SU(2) in the chiral limit where the up and down quark masses go to
zero the QCD Lagrangian has a SU(2)R × SU(2)L chiral symmetry which
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is spontaneously broken to its vectorial subgroup SU(2)V . As a result, the
pion fields can be described as Goldstone fields φi(x)
φ(x) =
3∑
i=1
τiφi(x) ≡
(
π0
√
2π+√
2π− −π0
)
(1)
where the τi’s are the Pauli matrices. The Goldstone bosons are incorporated
in a 2× 2 matrix-value field U = uRu†L = u†LuR which is usually written in
exponential form as
U(x) = exp
(
iφ(x)
F0
)
(2)
where F0 is the pion decay constant in the chiral limit. In the pion-nucleon
sector the nucleons are described by spinors denoted by Ψ(x)
Ψ(x) =
(
p
n
)
. (3)
The effective Lagrangian can be formulated as an expansion in powers
of small momenta as
Leff = L(2)ππ + L(4)ππ + L(1)πN + L(2)πN + L(3)πN + L(4)πN + . . . (4)
where L(i)ππ and L(i)πN refer to the effective Lagrangian in mesonic and pion-
nucleon sectors, respectively.
The inclusion of virtual photons and leptons leads to new contact terms
and the Lagrangian is now composed of three parts
L(i) = L(i)strong + L(i)em + L(i)weak. (5)
In the mesonic sector, the explicit form of the strong Lagrangian is given in
Ref. [2, 4]. The electromagnetic Lagrangian is given in Ref. [7, 9] and the
weak Lagrangian is given in Ref. [9]. In the pion-nucleon sector, the strong
and electromagnetic Lagrangians are respectively in Ref. [15] and Ref. [16]
up to fourth order.
Notice that the weak Lagrangian for pion-nucleon sector is needed for
the full treatment of electromagnetic corrections to weak processes. Thus
in this paper we are concerned with the construction of the terms including
both virtual photons and leptons, i.e. with L(i)πN,weak.
The most general effective Lagrangian is built from pions φ(x), nucleons
Ψ(x), and external scalar s(x), pseudoscalar p(x), vector v(x) and axial
3
vector a(x) fields. The Goldstone bosons are described by uL,R(φ) and the
nucleon by the spinor Ψ(x), with the transformation properties
uL(φ)
G−→ gLuLh(g, φ)−1,
uR(φ)
G−→ gRuRh(g, φ)−1,
Ψ(x)
G−→ h(g, φ)Ψ(x),
g = (gL, gR) ∈ SU(2)L × SU(2)R (6)
where h(g, φ) is the compensator defining a nonlinear realization of G.
One constructs the building blocks involving external sources as follows:
uµ = i[u
†
R(∂µ − irµ)uR + u†L(∂µ − ilµ)uL],
f±µν = u
†
RF
R
µνuR ± u†LFLµνuL,
χ± = u
†
RχuL ± u†Lχ†uR (7)
with
lµ = vµ − aµ, (8)
rµ = vµ + aµ, (9)
FLµν = ∂µlν − ∂ν lµ − i[lµ, lν ], (10)
FRµν = ∂µrν − ∂νrµ − i[rµ, rν ], (11)
χ = 2B0(s+ ip). (12)
The building blocks in Eq. (7) all transform chirally as
X
G−→ h(g, φ)Xh(g, φ)−1 . (13)
Covariant derivatives are defined as
∇µX = ∂µX + [Γµ,X], (14)
∇µΨ = ∂µΨ+ ΓµΨ (15)
for quantities transforming as X above or as Ψ respectively, where
Γµ =
1
2
[u†R(∂µ − irµ)uR + u†L(∂µ − ilµ)uL]. (16)
When virtual photons are considered, one must introduce additional
building blocks, or “spurions”, which correspond to these virtual photons.
In the mesonic sector one works with the quark charge matrix
QemL,R =
1
3
(
2 0
0 −1
)
(17)
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with the transformation property under chiral SU(2)L × SU(2)R
QemL
G−→ gLQemL g†L, QemR
G−→ gRQemL g†R. (18)
In the pion-nucleon sector one uses the nucleon charge matrix instead of
the quark charge matrix [17] which is
QemL,R =
(
1 0
0 0
)
. (19)
Following Ref. [16], one redefines the electromagnetic spurions which refer
to virtual photons as
Qem± =
1
2
{QemL ±QemR }, (20)
where
QemL,R = u†L,RQemL,RuL,R. (21)
Then Qem± transforms under SU(2)L × SU(2)R symmetry in the same way
as the other building blocks,
Qem±
G−→ h(g, φ)Qem± h(g, φ)−1. (22)
To include virtual leptons we need to introduce “weak spurions” related
to the lepton currents. This is the procedure used by Knecht et. al. [9]
which we follow. Thus we take
QwkL = u†LQwkL uL (23)
which transforms under chiral symmetry as
QwkL G−→ h(g, φ)QwkL h(g, φ)−1. (24)
In our case, since we work in SU(2) symmetry whereas in Ref. [9] SU(3)
was used, our weak spurion is
QwkL = −2
√
2GF
(
0 Vud
0 0
)
(25)
where GF is the Fermi coupling constant and Vud is the Kobayashi-Maskawa
matrix element.
Using this spurion notation we can rewrite the left handed and right
handed fields in Eq. (8) and Eq. (9) as
l′µ = vµ − aµ − eQemL Aµ + jwkµ QwkL + jwkµ
†
QwkL
†
, (26)
r′µ = vµ + aµ − eQemR Aµ (27)
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where
jwkµ =
∑
ℓ
ℓ¯γµ(1 − γ5)νℓ, ℓ = e, µ (28)
is the weak leptonic current and where now vµ and aµ represent any addi-
tional vector and axial currents that might be presented. The contributions
to processes involving purely external photons and leptons are obtained just
by replacing lµ and rµ by l
′
µ and r
′
µ in the strong part of the Lagrangian.
When we consider virtual photons and leptons however there will be ad-
ditional terms in the Lagrangian explicitly involving the weak and electro-
magnetic spurions QwkL and Qem± .
The resulting Lagrangian must be invariant under the CP transforma-
tion, so we need to know how the building blocks transform. We find
Qem±
CP−−→ (Qem± )T , (29)
QwkL CP−−→ (−QwkL
†
)T , (30)
jwkµ
CP−−→ jwk µ†. (31)
The transformation properties of other quantities are given in Ref. [15].
3 The leptonic Lagrangian
All the building blocks which are necessary to construct the effective La-
grangian have now been introduced, and we are in a position to combine
these building blocks to form invariant monomials, using a procedure anal-
ogous to that of Ref. [16]. We consider first the third order and then
separately the fourth order effective Lagrangian.
3.1 Third order
For the third order leptonic Lagrangian we have to consider terms of the
general form
e2jwkµ ΨQ
em
± QwkL ΘµΨ. (32)
The quantities e and QwkL both count as order p, so for a third order result
Θµ must be of order p0. Possibilities for Θµ are γµ, γµγ5, ∇µ, γ5∇µ and
σµν∇ν , where the ∇µ acts on Ψ or Ψ. Covariant derivatives acting on the
Qem± , QwkL or jwkµ are of order p and so are not included because they are
higher order.
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The possible combinations involving the product of Qem± and QwkL can
be rewritten in terms of commutators, anticommutators, and single and
multiple traces as
[Qem± ,QwkL ], (33)
{Qem± ,QwkL }, (34)
〈Qem± 〉QwkL , (35)
Qem± 〈QwkL 〉, (36)
〈Qem± QwkL 〉, (37)
〈Qem± 〉〈QwkL 〉. (38)
From the definitions of Qem− and QwkL in Eq. (20) and Eq. (23), and using the
specific choices of Eq. (19) and Eq. (25), one sees that 〈Qem− 〉 = 〈QwkL 〉 = 0
so terms involving those traces do not contribute. The anticommutator of
two matrices can be written in terms of their traces as
{A,B} = A〈B〉+ 〈A〉B + 〈AB〉 − 〈A〉〈B〉 (39)
which leads to {
Qem+ ,QwkL
}
= 〈Qem+ 〉QwkL + 〈Qem+ QwkL 〉, (40){
Qem− ,QwkL
}
= 〈Qem− QwkL 〉 (41)
and allows us to eliminate two of the possibilities as not independent. Thus
all possible independent chiral invariant terms can be written as
e2Ψjwkµ


[Qem± ,QwkL ]
〈Qem+ 〉QwkL
〈Qem± QwkL 〉

ΘµΨ+ h.c.. (42)
However, the leptonic Lagrangian must be not only chiral but also CP
invariant. Therefore we have to consider the CP transformation properties
of each term, and construct CP invariant combinations. Once this is done
we can look again at the possibilities for Θµ. The term σµν∇ν involves a
∇µγµ so we can use the equation of motion (EOM) to express it in terms
of the other possibilities. Likewise the CP invariant combinations involving
∇µ and γ5∇µ can be shown to be higher order or not independent of the
other terms using total derivative [5] or EOM arguments. Thus the only
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remaining independent possibilities for Θµ are γµ and γµγ5. Thus our final
result for the third order Lagrangian can be written in the form
L(3)πN,wk = e2F 20
∑
i
niΨO(3)i,wkΨ+ h.c. (43)
where ni are the third order low energy coupling constants (LECs) and the
O(3)i,wk are shown in Table. 1.
Table 1: The monomials O(3)i,wk of third order for the leptonic Lagrangian.
Q˜em± = Q
em
± − 12〈Qem± 〉 is the traceless part of the operator Qem± .
i Owk(e2p)
1 γµjwkµ 〈Q˜em+ QwkL 〉
2 γµjwkµ 〈Qem+ 〉QwkL
3 γµjwkµ [Q˜
em
+ ,QwkL ]
4 γµjwkµ 〈Q˜em− QwkL 〉
5 γµjwkµ [Q˜
em
− ,QwkL ]
6 γµγ5j
wk
µ 〈Q˜em+ QwkL 〉
7 γµγ5j
wk
µ 〈Qem+ 〉QwkL
8 γµγ5j
wk
µ [Q˜
em
+ ,QwkL ]
9 γµγ5j
wk
µ 〈Q˜em− QwkL 〉
10 γµγ5j
wk
µ [Q˜
em
− ,QwkL ]
3.2 Fourth order
Consider now the fourth order Lagrangian. By using the same methods as
in the previous section, we find that the general structure of the fourth order
Lagrangian is the same as for the third order, as shown in Eq. (42). However
now Θµ must be of order p. The building blocks which are of order p which
are at our disposal are uν and ∇ν , where ∇ν acts on one of the internal
quantities, jwkµ , QwkL , or Qem± . The residual part of Θµ, after extracting one
of these building blocks, takes the form Θµν and is of order p0.
Possibilities for Θµν which do not include any additional derivatives are
gµν , gµνγ5, σ
µν , and ǫµναβσαβ. There is also a second set of possibilities
which involve derivatives acting on Ψ, which, recall, are of order p0. These
include ∇µ∇ν , ∇µ∇νγ5, γµ∇ν , γν∇µ, γµγ5∇ν , γνγ5∇µ, ǫµναβγα∇β, and
ǫµναβγαγ5∇β.
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Table 2: The monomials Oi,wk(e2p2) of fourth order for the leptonic La-
grangian, in the limit of no pions.
i Owk(e2p2) i Owk(e2p2)
1 i(∇µjwkµ )〈Q˜em+ QwkL 〉 11 σµνγ5(∇νjwkµ )〈Q˜em+ QwkL 〉
2 i(∇µjwkµ )〈Qem+ 〉QwkL 12 σµνγ5(∇νjwkµ )〈Qem+ 〉QwkL
3 i(∇µjwkµ )
[
Q˜em+ ,QwkL
]
13 σµνγ5(∇νjwkµ )
[
Q˜em+ ,QwkL
]
4 i(∇µjwkµ )〈Q˜em− QwkL 〉 14 σµνγ5(∇νjwkµ )〈Q˜em− QwkL 〉
5 i(∇µjwkµ )
[
Q˜em− ,QwkL
]
15 σµνγ5(∇νjwkµ )
[
Q˜em− ,QwkL
]
6 σµν(∇νjwkµ )〈Q˜em+ QwkL 〉 16 iγ5(∇µjwkµ )〈Q˜em+ QwkL 〉
7 σµν(∇νjwkµ )〈Qem+ 〉QwkL 17 iγ5(∇µjwkµ )〈Qem+ 〉QwkL
8 σµν(∇νjwkµ )
[
Q˜em+ ,QwkL
]
18 iγ5(∇µjwkµ )
[
Q˜em+ ,QwkL
]
9 σµν(∇νjwkµ )〈Q˜em− QwkL 〉 19 iγ5(∇µjwkµ )〈Q˜em− QwkL 〉
10 σµν(∇νjwkµ )
[
Q˜em− ,QwkL
]
20 iγ5(∇µjwkµ )
[
Q˜em− ,QwkL
]
The next step is to construct CP invariant and Hermitian combinations
of these possibilities. It is then straightforward, but somewhat tedious, to
show using total derivative and EOM arguments, just as done for the third
order case, that all of the possibilities involving derivatives acting on Ψ can
be expressed in terms of the first set of terms, or are of higher order.
The final set of terms can then be listed and consists of terms with one
of the four structures without derivatives, one of the five combinations of
QwkL and Qem± and either uν (taken in all possible orders) or ∇ν acting on
jwkµ , QwkL , or Qem± . Since there are so many terms we will give explicitly only
the set most useful for standard weak interactions, namely those without
extra pions. In that limit uν vanishes as do the derivatives acting on QwkL
and Qem± . Thus all terms involve ∇νjwkµ , or actually just ∂νjwkµ .
Thus in this limit of no pions the fourth order effective Lagrangian is
given by
L(4)πN,wk = e2F 20
∑
i
siΨO(4)i,wkΨ+ h.c. (44)
where si are the fourth order low-energy coupling constants. The O(4)i,wk
monomials are tabulated in Table 2. Note that in the table we have rewritten
ǫµναβσαβ as σ
µνγ5 using standard identities.
9
4 Acknowledgments
This work was supported in part by the Thailand Research Fund under
Grant No. PHD/0221/2545 and in part by the Natural Sciences and Engi-
neering Research Council of Canada.
References
[1] S. Weinberg, Physica A 96 (1979) 327
[2] J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158 (1984) 142
[3] J. Gasser and H. Leutwyler, Nucl. Phys. B 250 (1985) 465
[4] J. Gasser, M. E. Sainio, and A. Sˇvarc, Nucl. Phys. B 307 (1988) 779
[5] H. W. Fearing and S. Scherer, Phys. Rev. D 53 (1996) 315
[arXiv:hep-ph/9408346]
[6] J. Bijnens, G. Colangelo, and G. Ecker, Ann. Phys. (N.Y.) 280 (2000)
100 [arXiv:hep-ph/9907333]
[7] R. Urech, Nucl. Phys. B 433 (1995) 234 [arXiv:hep-ph/9405341]
[8] M. Knecht and R. Urech, Nucl. Phys. B 519 (1998) 329
[arXiv:hep-ph/9709348]
[9] M. Knecht, H. Neufeld, H. Rupertsberger, and P. Talavera, Eur. Phys.
J. C 12 (2000) 469 [arXiv:hep-ph/9909248]
[10] E. Jenkins and A. V. Manohar, Phys. Lett. B 255 (1991) 558
[11] S. Scherer, Adv.Nucl.Phys. 27 (2003) 277 [arXiv:hep-ph/0210398]
[12] T. Becher and H. Leutwyler, Eur. Phys. J. C 9 (1999) 643
[arXiv:hep-ph/9901384]
[13] T. Fuchs, J. Gegelia, G. Japaridze, and S. Scherer, Phys. Rev. C 68
(2003) 056005 [arXiv:hep-ph/0302117]
[14] N. Fettes, Ulf-G. Meißner, and S. Steininger, Nucl. Phys. A 640 (1998)
199 [arXiv:hep-ph/9803266]
[15] N. Fettes, Ulf-G. Meißner, M. Mojzˇiˇs and S. Steininger, Ann. Phys.
(N.Y.) 283 (2000) 273; 288 (2001) 249E [arXiv:hep-ph/0001308]
10
[16] G. Mu¨ller and Ulf-G. Meißner, Nucl. Phys. B 556 (1999) 265
[arXiv:hep-ph/9903375]
[17] Ulf-G. Meißner and S. Steininger, Phys. Lett. B 419 (1998) 403
[arXiv:hep-ph/9803266]
11
